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> ■ Introduction 

In this paper we study nonlocal functionals whose kernels are homogeneous 
generalized functions. We also use such functionals to solve the Korteweg- 
de Vries (KdV), the nonlinear Schrodinger (NLS) and the Davey-Stewartson 
^ ■ (DS) equations. 

The solution of certain integrable equations in terms of formal power 
series was obtained in [4], [5]. In these papers the solution was expressed in 
Q-i| a formal power series involving scattering data. In this paper in addition to 

developing techniques for multiplying and inverting nonlocal functionals we 
also: 



X 



(a) Give the correct version of these series by giving meaning to the 
relevant kernels , see (2.10) and (3.18)). 

(b) We invert these series to obtain scattering data in terms of initial 
data. 

(c) Prove the convergence of these series. 

(d) We extend these results to equations in two space dimensions. 

1 Nonlocal analytic functionals with 
homogeneous kernels 

The calculus of local functionals was developed by Gelfand and Dikii [4]. 
Local functionals of one function u(x) can be written as multiple integrals 
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using the kernels given by the ^-function and its derivatives. For example, 
J u 2 (x)dx = J u{x\)u{x2)5{x\ — £2) dx\dx2 , 

J (u'fdx = J u(xi)u(x2)u(x 3 )5' (x — Xi)S'(x — X2)S'(x — x 3 ) dxdxidx 2 dx 3 , 

j^ffdx = I u(xMxMx 3 HxM^)S(x - *,)*(* - x 2 )S'(x - x 3 ) 
S'(x — x/l)8'{x — x 5 ) dxdx±dx 2 ■ ■ ■ dx 5 . 

and so on. 

Nonlocal analytic functionals are those functionals whose kernels involve 
homogeneous generalized functions. 

In the case of a real variable a basis in the space of homogeneous gener- 
alized functions is [1] 



A-1 ^ A-1 

, (x + *0) A . 



x + x - 1 , - n \A 



r(A) ' r(A) 

In the case of a complex variable a basis in the space of homogeneous 
generalized functions is 

z s z s+n n = 0,±l,±2,... 

5 — function and its derivatives 

Remarks. 

1) Only those functionals which make sense in the framework of generalized 
functions are allowed. For example, the functionals 

/ u(k 1 )u(k 2 )- r rz5(ki + k 2 ) dkidk 2 , 

J k\ + k2 + 

and 

J<hHk2) ki+ 1 k2 + iQki+ 1 h _ i0 dk ld k 2 , 

are not allowed, while the functional 



/ I j roo roo I 

« (*i)tl(fe)^— yj*i*2 := 2 I dk d q - 

W u (! + *) - 2»>(,)) 



is allowed, (see [1] for details). 

2) Local functionals are a particular case of functionals with homogeneous 
kernels,for example, 



(x — x ) A ' 

u 2 (x)dx = J u{x\)u{x 2 )8{x 1 —x 2 )dx 1 dx 2 — J u(xi)u(x 2 )- 



r(A) 



dx\dx 2 . 

A=0 



The product of two nonlocal analytic functionals is also a nonlocal ana- 
lytic functional whose kernel is the direct product of the kernels of the two 
starting functionals. For example, 

[J uixiHx2) T(xTW) ' [J uimMy2Hm) rfo + 1) i> 2 + 1) J 

= J u{x 1 )u{x 2 )u{x 7l )u{x^u{x h ) ^ + v ^ 2 + Y) dxi --- dX5 

There are certain relations in the algebra of nonlocal analytic functionals. 

Examples. 

1) 



J Ui(xi)u 2 (x 2 )Q(l — Xi)Q(xi — x 2 )Q{x 2 ) dx\dx 
J v 1 (y 1 )v 2 (y 2 )v 3 (y 3 )e(l - yi)Q(yi - 1/2)0(1/2 - 2/3)0(1/3) dy x dy 2 dy 

= [ U 1 (x 1 )u 2 (x 2 )Vi(x 3 )v 2 (x 4 )v 3 (x b )Qi 2 Q M <C)ib dx x . . . dx 5 

Jo 

= [ Mi(xi)M 2 (^2)Vl(a;3)v2(x4)w3(^5) (012023034045 + ©13032024045 

Jo 

+013034042025 + ©13034045052 + ©31012024045 
+031014042025 + ©31014045052 + ©34041012025 
+034041015052 + ©34045051012) dx 1 . . . dx 5 



X° + ( 1, X > 

T(l) ~ \ 0, X < 



where Q(x) = 7777^ — { n ' ^ ^ n , and 0jj := 0(xj — x^) 
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We have multiplied two functionals, with kernels of degree 0, and with 
integration domain given by the simplexes, < x\ < x<i < 1 and < 
2/i < 2/2 < 2/3 < 1 Respectively. For the product functional, the integration 
domain is not a simplex, but we can write it as sum of functionals, such that 
the integration domain of each functional is a simplex . The simplexes are 
given by all possible orderings of the letters xi,x 2 ,yi, 2/2, 2/3 such that x± < x 2 
and 2/1 < 2/2 < 2/3 for all the orderings (all shuffles of (^1X2) (2/12/22/3)) • 

Remark. The functional / Ui(xi)u2(x2)0(y — xi)Q(xi — £2)6(0:2) dx\dx2 
with U2(x) = Ui(x) = \ is the dilogarithm Li 2 (y). 

Example 2. 

Ml(Xi)M 2 (a;2)%(^3)M4(^4)M5(a ; 5)@12©32©34054 dx x . . . dx 5 

J u 1 (x 1 )u2(x2)u 3 (x 3 )u 4 (x 4 )u 5 (x 5 )Q 1 2<S> 3 2 dx 1 . . . dx 3 ^j 

U4(x 4 )u 5 (x 5 ) Q 54 dX4 = J U 1 (x 1 )u 2 (x 2 ) ■ ■ ■ M 5 (x 5 )0i2023@34045 dx X . . . dx 5 

Example 3. 

(jMh)u2(k2)^5(k 1 + k2) ( ^) 

• (/^(^(^W^) (gi + j0)( ^ + gii + j0) ^ + ^ + «.) • ^0r) 

f fu\ fu\ fu\ fu\ fu\ 5(h + k 2 )5(k 1 + k 2 + k 3 ) dh...dh 

= J u 1 (k 1 )u2(k2)v 1 (k 3 )v2(h)v 3 (k 5 )5(k 1 + k 2 + k 3 + k 4 + k 5 ) 

■ 2, 3, 4) + 3, 2, 4) + p(l, 3, 4, 2) + 3, 4, 5) + p(3, 1,2,4) 

dk-i dkz. 

+p(3, 1, 4, 2) + p(3, 1, 4, 5) + p(3, 4, 1, 2) + p(3, 4, 1, 5) + p(3, 4, 5, 1)) }- ' [ 
where 

p(m 1 ,m 2 , m 3 , m 4 ) 

1 

(fc mi + z0)(fc mi + k m2 + zO)(A; mi + A; m2 + k m . A + z0)(fo mi + k m2 + A; m3 + A; m4 + i0) 
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Nonlocal analytic functional appear naturally in nonlinear integrable 
equations. For example, in the KdV equation the transformation from the 
potential to scattering data and the inverse transformation are given by non- 
local analytic functionals. 

We will write these functionals using the inverse scattering formalism [3]. 
Alternativelyone could start directly from the nonlinear equation. 

2 Nonlocal functionals for the KdV equation 

Let u(x) be a C°° real-valued function of a real variable x, with the fast 
decrease as x — > ±00. 

We construct the following functionals of u : 



a(k) = 1 + J2(~) n / u(x 2 )u(x 4 ) . . . W<£2n)©12©23©34 • • • • • ©2n-l,2n 

71=1 J 

5(x — x\ + X2 — ■ ■ ■ + X2n) exp(2ikx) dxdx\dx2 ■ ■ ■ dx2 n , 



(1) 



1 00 r 

b ^ = n-(U _j_ T\\ / U(x 1 )u(x 3 ) ■ «(X2r i +l)©12@23 " • • • " ©2n,2n+l 

S(—x + X\ — x 2 + x 3 — . . . + x 2n +i) exp(—2ikx) dxdx\ . . . dx 2n , 

(2) 



00 „ 

V(k,x) = 1 + Y,(-T / u(x 2 )u(x 4 ) ■ . . . ■ u(x 2n )®(xi -x)Q 2 iQ 3 2 • ... -6 

n=l J 

8(x — xi + x 2 — ■ ■ ■ + x 2n ) exp(-2ikx ) dx Q dxi . . . dx 2n , 



2n,2n-l 



(3) 



00 „ 

$(/c, X) = 1 + J2(~) n / u(x 2 )u(x 4 ) • • • • • U(x 2n )<d(x - Xi)6i2023 • • • • • ©2n-L 
n=l J 

5(—x — x\ + x 2 — . . . + X2n) exp(—2ikx ) dx^dxi . . . dx 2n - 



2n 



(4) 
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Remark. In the series, say, for ^(k, x) we can integrate over x 2m+ i, 
m — 0, 1, . . ., to get another formula for ty(k, x) : 

$(k,x) = l + J2 (o-h\n I U ( X l)u{x 2 ) ■ ■ .U{x n -i)u(x n ) 
n=l \ llK ) J 

<~>(xi - X)02l6 32 643 • • • • • ©n,n-l 
^ e -2ik(x- X1 ) _ 1 ^ e -2ik(x 1 ~x 2 ) ( e -2ifc(*„_i-x„) - I) d Xl ... dx n . 

We define S(k) by 

If |1 — a(k)\ < 1, S^/c) can be written as 
1 00 /• 

S(ifc) = -^-^y E J ■ ■■<x 2n+1 ) 

@21@23©43©45 • • • @2n,2n-l@2n,2n+l 

8(— x + x\ — x 2 + X3 — . . . + X2n+i) exp(—2ikx) dxdx\dx 2 ■ ■ ■ dx 2n+ \ 

(6) 

Convergence. 

The series (l)-(4) converge for k ^ 0. They also converge at k = 
if the moments of function u(x), that is, / u(x)dx, J xu(x)dx, J x 2 u(x)dx, 
. . . are small. The series (5) is convergent if (1) and (2) are convergent, and 
|l-a(fc)| < 1. 

Indeed, let k ^ O.Then 



00 1 r 

\${k,x)\ < 1 + E J \u(xi)u(x 2 ) . ..u(x n ) 



l\k\' 

sin k(x — Xi) sin k(x\ — x 2 ) ... sin k(x n _i — x n ) 
Q(x - a;i)6i 2 023@34 • • • • • ©n-i,n dx x dx 2 ...dx n 
1 (J\u(x)\dx) n 



<i + E 



n=i n\ k" 
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For all k, including k — 0, 

oo „ 

\$(k,x)\ <l + J2 \u(x l )u(x 2 ) ■ ..u(x n )(x - x 1 )(x 1 -x 2 ) ... (x„_i - x n )\ 

n=l J 

■Q(x - Xi)©i2 • . . . • ® n -i,n dx 1 dx 2 . . . dx n 

If the moments of function u are small, the series is convergent for k = 
as well. 

We will consider two operations on functionals (l)-(5): multiplication 
and inversion. These operations are infinite-dimensional analogues of multi- 
plication of functions and the inverse function. 

There could be some relations among the products of functionals. 

Example 1. 

Let us show that a(k)a(—k) — b(k)b(—k) = 1 for all k ^ . Indeed, 

oo n . 

a(k)a(-k) = 1 + E (~) n / u(x 2 )u(x 4 ) . . . u{x 2n )Q 12 Q 23 . . . Q 2m -i,2m 

n=l m=0 J 
•@2m+2,2m+l ' @2m+3,2m+2 • • • & 2n ^n-l^^ 

8(—x + xi - x 2 + x 3 - x 4 + . . . - x 2n ) dx dxidx 2 . . . dx 2n , 

oo rt— 1 „ 

b(k)b(-k) = J2Y1 (~T / u(x 2 )u(x 4 ) ■ ■ ■ u(x 2n )Q 12 Q 23 ■ 6 2m , 2 m+i 

n=l m=l 

@2m+3,2m+2 * @2m+4,2m+3 ' • • • ' @2n,2n-ie 2lfc:ro 

5(—xo + xi - x 2 + x 3 - x 4 + . . . - x 2n ) dx dx±dx 2 . . . dx 2ni 

oo „ 

a(k)a(— k) — b(k)b(—k) — 1 = y^(— ) n / u{x 2 )u(x 4 ) . . .u(x 2n ) 

n=i •* 

exp(2iA;(xi -x 2 + x 2n ))0 23 34 ■ © 45 • . . . • 2n -i,2n 
dxi . . . dx 2n = 0, k 7^ 0. 
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From ( ) one can see that a(k) = a(—k), b{k) = b(—k); therefore, \a(k)\ > 



1 and \S(k)\ 



b(k) 



a(k) 



\b(k)\ 



< 1, k ^ . 



Example 2. 

Let us show that ^(-k,y)a(k) + ^(k,y)b(k)e 2iky = ®(k,y) . Indeed, 



oo „ 

*(-k,y)a(k) = 1 + / (u(x 2 )u(x 4 ) . ..u(x 2n )) 

n=l J 
■ (012©23©34 • • • • • ©2n-l,2n 

n-1 



also, 



+ (©( X l ~~ 2/)©21©32 • • • • • 02m,2m-l@2m+l,2m+2 

m=l 

•©2m+2,2m+3 " ©2n-l,2n) + _ 2/)@21@32 • ■ ■ • • @2n,2n-l) 

e _2lfe:ro 5(Xo + Xi - X 2 + . . . - X 2n ) ^0 • • • ^2n, 

oo „ 

^(k,y)b(k)e 2iky = E(") n+1 / <x 2 )u{x i ) u{x 2n ) 

n=l J 
■ (0(xi - ?/)023©34©45 • • • • • @2n-l,2n 

n-2 

+ X] ©( X l ~~ 2/)@21©32 • • • • ' @2m+l,2m ' @2m+2,2ra+3 
m=l 

•@2m+3,2m+4 • ■ • • ©2n-l,2ra + — 2/)©21©32 • ■ ■ • ©2n-l,2n) 

e~ 2jfcco £(£ + xi — x 2 + . . . — x 2 „) dx dxi . . . dx 2n , 



and 



oo - 

tt(-fc, y)a(A;) + ?/)&(A:)e 2 ^ = 1 + £ (-)" / ti^M^) • . . . • «(x 2n ) 

n=l J 

0(y - Xl)©l 2 ©23 • ■ • • • ©2n-l,2ne- 2 ^° 

5(x + Xi - x 2 - . . . + x 2n -i - x 2n ) dx dx l . . . dx 2n = $(£;, y). 
Example 3. 
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Let us take S(k) , given by the formal series (6), and a(k) , b(k) , given 
by the convergent series (1), (2). We can prove the following relation for the 
series in u(x): 

a(k)S(k) = b(k). 

The computation is similar to that of the Examples 1 and 2. 
Inversion . 

S{k)e 2lkx — . We suppose that S(x) is a fast 

7T 

decreasing function as x — > +oo. Formula (6) can be written as 

^S'(x) = - (u{x) + J u(x 1 )u(x 3 )Q 21 Q 23 S(x — xi+ x 2 — xs)dx 1 dx 2 dx 3 

+ ...J U(xi)u(x 3 ) . . . m(x 2 „+i)6 2 1023043045 • • • ©2r i ,2r i -l©2r i ,2n+l 

5(x - x\ + x 2 - x 3 + . . . - x 4 ) dx x dx 2 . . . dx 2n+ i + . . .) 

(here the right-hand side is a formal series in u(x) ). 

We can invert it, that is, we can express u(x) in terms of S(x) by the 

oo 

formal series u(x) = Wk(x), where Wk(x) is a nonlocal analytic func- 

fc=i 

tional of degree k in S(x) (S(x) has degree one). The functionals Wk(x) are 
determined recursively: 



W,{x) = ~S(x), 



/d d 
- — S(xi)- — S(x 3 )Q 21 Q 23 5(x — xi + x 2 — x 3 ) dx 1 dx 2 dx 3 
ax i dx 3 

= - J S( Xl )S( X3 ) (S( X2 - x,)^ 2 - - Xl + x 2 - X3 ) 
+5(x 2 - xi)Q 23 5'(x — x 1 + x 2 — x 3 ) 
+& 2 iS(x 2 - x 3 )8'(x — x 1 + x 2 — x 3 ) 
+@23@23^"( x - xi + x 2 - x 3 )) dxidx 2 dx 3 
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= —S 2 (x) = — J S(xi)S(x2)Q(xi — x)5(xi — x 2 ) dx\dx 2 , 
(we integrated by parts), 

n . 

W n (x) = -Yl E / W mi (x 1 )W m2 (x 3 )...W mk (x 2k+1 ) 

k = 2 m 1 ,m 2 ...mfc>l 

m|+m2+...+mj.-)i 

@21@23 " ©43@45 ' • • • ' @2fc,2fe-l@2fc,2fe+l 

5(x - xi + x 2 - ■ ■ ■ + x 2 k - x 2k+1 ) d Xl dx 2 . . . dx 2k+l . 
Lemma. Consider the junctionals of S(x), given by the formal series 

u(x) = —-j-S(x) + — / S(xi)S(x 2 )Q(xi — x)8(xi — x 2 ) dx\dx 2 
dx dx J 

d 00 r 

~t £ / S M S M ■ ■ ■ s(x 2n+1 )e(- Xl + x 2 ) 

ax n =l J 

0(-Xi + x 2 - x 3 + x 4 ) . . . Q(—Xi +x 2 - ... + x 2n )<d(-x 2n+1 + x 2n ) 

@(-^2n+l + X 2n - X 2n _i + X 2n _ 2 ) . . . 0(-X 2n+1 + X 2n - . . . + X 2 ) 

S(x - x 1 + x 2 - x 3 + . . . - x 2n+1 ) dxidx 2 . . . dx 2n+ i 

(7) 

d 00 r 

/ S(x!)S(x 2 ) . . .S(x 2n ) 

ax n =2 J 

0(-Xi + X 2 )Q(-X 1 + X 2 - X 3 + X4) . . . 0(-Xi +x 2 — ■■■ + X 2n _ 2 ) 

Q(x 1 - x)Q(xi — x 2 + x 3 — x) ... Q(xi — x 2 + x 3 — . . . + x 2n -i - x) 
S(x - x 2 + x 3 - x 4 + . . . - x 2n ) dx 1 ... dx 2n . 
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*(x, y) = 5(x) - ]T / S(x 1 )S(x 3 ) . . . S(x 2n+1 ) 

9(-Xi + x 2 )Q(—x 1 + x 2 - x 3 + x 4 ) . . . 0(-Xi + x 2 - . . . + x 2 „) 
0(xi - y)0(xi - x 2 + x 3 - y) . . . Q(x 1 - x 2 + x 3 - . . . + x 2n+1 - y) 
S(x - y + xi - x 2 + x 3 - . . . + x 2n+1 ) dx 1 ... dx 2n+ i 



(8) 

oo 

+ 

n=l 

Q(—x\ + x 2 )Q(—xi + x 2 - x 3 + x 4 )0(-xi + x 2 — ... + x 2n - 2 ) 



oo „ 

^0(-x) J S{ Xl )S(x 2 )...S(x 2n ) 



Q(xi - y)Q(xi - x 2 + x 3 - y) . . . Q(x ± - x 2 + x 3 - . . . + x 2n -i - y) 

S(x — xi + x 2 — . . . + x 2n ) dx±dx 2 . . . dx 2n . 

We can substitute in these series S(x) as a functional of {u(x)} , given 
by the formal series 

/oo 
Q(xi - x)u{x 1 )dx 1 + ^2 u(xi)u(x 3 ) ■ ■ -u(x 2n+ i) 
n=l 

©21023043045 • • • • • 02n,2n-102n,2n+l ^ 

■8(x — xi + x 2 — x 3 + . . . — x 2n+ i) dx dx 1 . . . dx 2n+ i. 

As a result of this substitution, we will have u(x) and ty(x,y) given by 
formal series in {u(x)}. Moreover, 
u(x) = u(x) , 

/dk 
^(k,y)e 2ikx — , where V(k,y) is given by (3). 
7T 

Proof 

We will prove the lemma by induction in the degree of {u(x)}. 
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1) In the first order in {u(x)} 

S(i)(x) = J 6(xi — x)u(xi) dxi, 

u(x)i = ~-^ s m( x ) = 

V(i)(x,y) = -9(-x) J S(i)(x!)6(x - y + xx) dxi 
= — 0(— x) j Q{x 2 — xi)u{x 2 )5{x — y + X\) dx\dx 2 
= — J Q(xi — y)Q(x 2 — x\)u{x 2 )5{x — y + x\) dx\dx 2 

- Xi+ X 2 ) 

■dx\dx<i = y). 

(In the last step we have made the change of variables x\ — > y + x 2 — xi). 

2) Suppose that we have proved that 

N f 

V(x,y) = 5(x) + (-T / u(x 2 )u(x 4 ) • • .u(x 2n )®{Xl - 1/)021@32 • • •@2n,2r t -l 

S(x — X\ + x 2 — . . . + x 2n ) dx\dx 2 . . . dx 2n + 0{u N+v ). 

From the definition of ^(x, y) 

ty(x, y) = 5{x) — Q(—x) J ty(xi, y)S(y — x — x±) dx. 

But S(x) is a series in {u(x)} with terms of degree > 1 in u, therefore, if we 
know ty(x,y) as functionals of {u(x)} up to degree n, we can compute it in 
the next order (n + 1). 
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Notice that 

(-) n J u(x 2 )u(x 4 ) . . . u(x 2n )Q{x 1 - |/)021@32@43 • • • @2n,2n-l 

5{x — X\ + x 2 — . . . x 2n ) dxidx 2 . . . + dx 2n 

= (-)" J u(x 2 )u(x 4 ) . . . u(x2n)Q(Xi ~ 2/)6 2 l0 3 2@43 • • • 02n,2n-l 

S(x - y + xi - x 2 + x 3 - . . . + x 2n _i) dx x dx 2 . . . dx 2n 
d f 

= (~) n+1 ^: J U(X 2 )U(X 4 ) ■ ■ ■ u(x 2n )Q(x 1 - 2/)©21@32©43 • • • @2n,2r t -l@2rt+l, 

■5 (x - y + xi - x 2 + x 3 - . . . + x 2n -i - x 2n + x 2n+ i) dx\dx 2 dx 3 . . . dx 2n dx 2n+ i 
(In the first step we have used the change of variables x 1 — > x 2 + y — x\ , x 3 — > 

X 2 + X 4 — X 3 , . . . , X 2n -i — > X2n-2 + ^2n — ^2n-l)- 

d f 

Also, = — — / Q(x 1 — y)8(x — y + a^otei, and 

(JjtL J 
N 



,2n 



#jv+i(z,y) = - 51 e ( -a / *(m)(aJo,y)S'(jv+i-m)(y-aJ-a;o) ^0 

m=0 J 

^ /■ d 

= - E e(-x)(-) m+1 / — ( w (x 2 )«(x 4 ) . ..uw 

m=0 J ^0 

2/1)621 @32@43 • • • @2m,2m-l©2m+l,2m 

■5 (x Q - y + xi - x 2 + x 3 - . . . + x 2m+ i)) 
■S^ N+ i- m )(y - x - x Q )dx Q dxidx 2 . . . dx 2m+ i 

= e(-,)/«(, 2 Wx 4 )... u .(. l2 „ +2 ) 
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( N m+1 

( ( — ) m+ 0(^1 — y)©21@32 • • • ©2m,2m-l©2m+l,2m ' (@2m+2,2m+l + ©2m+l,2m+2) 
\m=0 

(@2m+3,2m+2@2m+3,2m+4 • • • • • ©2AT+l,2AT©2jV+l,2iV+2)) 

x + xi — x 2 + x 3 — . . . + x 2 jv+i — X2N+2) dx\dx 2 ■ ■ ■ dx 2 N+2 

= (-) N + 1 0(-x) J u(x 2 )u(x 4 ) . . . u(x 2N+2 ) 

(e(xi - yi)e 21 032e 4 3 • . . . • e 2iY+2 ,2iv + i - (-) Ar+1 

• 0(Xi — 2/)@12@32©34©54 • ■ ■ • ®2N+l,2N®2N+l,2N+2) 

8(—X + X\ — X 2 + £3 — . . . + X 2 AT+1 — X 2N+2 ) dXidx 2 . . . X 2 N+2 

The second term in the last expression is zero, because the volume of the 
integration domain vanishes ; the first term coincides with the term of degree 
(N + 1) in V(x,y), see (3). 

d f 

To prove the formula for u(x) we use the relation u(x) = — — / 

dx J 

S(x — xi)^(xi,x)dxi, which follows from the definition of u and We 
know both S(x) and fy(x, y) as functionals in {u(x)}. The calculation of the 
same type as above gives that only the first order term in {u(x)} is not zero: 

d 00 r 

u(x) = -j-^2 {-) n / u{x 2 )u{x4) . . . u(x 2n )5{-x 1 + x 2 - ... + x 2n ) 

• (6(x 1 - x)0 21 32 e 4 3 • . . . • e 2n , 2n -i - (-T 

0(xi — x)0 12 32 034054 • . . . • 02n-l,2n-202n-l,2n) 

dx\dx 2 . . . dx 2n = u(x) 
The formula (7) can be written as follows: 

u(x) = 4 Y [ s(k 1 )S(k 2 )...s(k n )(k 1 + k 2 + ... + k n ) 

J (h + k 2 + i0)(k 2 + k 3 + zO)... (kn-i + k n + iO) ^ 

dkdkidk 2 ...dk n 

exp(2ikx)d(k - ki - k 2 - . . . - k n ) — 

Any polynomial in u(x) and its derivative can be written as the functional 
of the same type, but with some polynomial in {ki} in the numerator. This 
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property is similar to the usual Fourier transform of the linear function of u 
and its derivatives . Therefore it is natural to call transformation (10) the 
Nonlinear Fourier transform of u : 

u (di) u (d2) u (dm) — ^rn^2i^di+d2+...+d m 

^ f S(h)S(k 2 )...S(k n ) 

„t^i (fci + k 2 + i0)(k 2 + k 3 + i0)... + k n + iO) 
exp(2ikx) ■ 5(k - h - k 2 - . . . - k n ) ■ Sym dl>d2 _ dm 

J2 (h + k 2 + ... + k pi ) dl+1 (k pi + k pi+1 ) 

l<pi<P2<...<p m -l<n 

{kpi+i + kpi+2 + • • • + k P2 ) d2+1 {k p2 + k P2+ i)(k P2+ i + k p2+2 + • • • + k P3 ) d3+1 



dm+1 dkdk\dk 2 . . . dk n 



•(k P3 + k P3+ i)(k Pm _ 1+ i + k Pm _ 1+2 + . . . + k n ) 

{Zm) 

(11) 

Examples. 

Quu = f S(k 1 )S(k 2 )S(k 3 )...S(k n ) 

(k 1 + k 2 + i0)(k 2 + k 3 + i0)...(k n _ 1 + k n + i0) 

exp(2ikx) ■ S(k — k\ — k 2 — . . . — k n ) 

■k.((k 1+ k 2 + ...+k n r-(k 1 * + k 2 * + ... + k r ?)) dk dkl ^ n -- dkn 

u +6uu --32iT f S(k 1 )S(k 2 )S(k 3 )...S(k n ) 

u xxx + Ouu x - 2^J {ki + k2 + mk2 + h + i0) ^ (kn _ i + kn+ - 0) 

exp(2ikx) ■ S(k — k\ — k 2 — . . . — k n ) 

, 3 3 3 x dkdk x dk 2 ...dk n 
■k ■ [k, +k 2 + ... + k n )) j—y n 

(12) 

We see that for the differential polynomial u xxx + 6uu x the corresponding 
polynomial in {k} after the nonlinear Fourier transform is (£;i 3 + k 2 + . . . + 
k n 3 ), n= 1,2, .... 

We can use this fact to solve some nonlinear equation. Let S(k,t) = 
So(k)e 8th *, and u(x,t) is defined as a functional of S(k,t) by (10) (with 
S(k,t) instead of S(k) ). Such u(x,t) solves the KdV equation 
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d i \ d 3 i \ n 9u 
-Jt uM = d^ U ^ t) + QU Yx- 
Indeed, for such u(x,t) the right-hand side of the equation is expressed in 

terms of S(k,t) by (12), and it coincides with — — u(x,t). 

Let us find polynomials in u and derivatives of u such that after the 
Nonlinear Fourier Transform the corresponding polynomial in k is given by 
k 2l ~ l , l — 1, 2, . . . .In order to do this, let us first compute the resolvent: 



oo „ 

*(M) = 1 + E J 



S(h)S(k 2 )S(k 3 )...S(k n ) 



\J (k + h + i0)(k 2 + k 3 + i0)... (fc n _i + k n + iQ) 
dk\ . . . dk n 

exp 2z(fci + . . . + k n )x , 

(2m) n 

R{k, x) = (jfc, x)V(-k, x - 0) 

oo „ / rt— 1 

= 1 + E / S(h)S(k 2 ) . . . S(k n ) ex V (2t(h + ... + k n )x) ■ ]T 

n=l \m=l 
1 

(fci+fc 2 +jO)(fc2+fc3+*0)...(fc m _i+fc m +jO)(fc m +fc+iOX^ 

1 



+ 



+ 



(A; + fci + i0)(fci + fc 2 + iO) . . . (A; n -i + &n + i0) 

1 \ dk\ . . . dk n 

(-k + h+ «0)(fci + k 2 + i0)... + k n + iO) ) (2m) n 
S(k 1 )S(k 2 ) . . .S(k n ) exp(2i(k 1 + . . . k n )x) 



+ /c 2 + i0)(fc 2 + fc 3 + iO) . . . (Av,-i + k n + iO) 
( 1 1 \ 1 1 \ dki . . . dk n 

J^i \k m + k + i0 + k m+1 - k + iOJ + k + k t + iO + -k + k x + iO ) (2ni) n 
] X _ 2 Y f S(k 1 )S(k 2 )...S(k n ) exp2 ^ 1+ +k)x 

tJ (h + k 2 + l o)(k 2 + k 3 + i o)...(k n - 1 + k n + l o) expZl[kl + --- + kn)x 



00 1 dk, dk 

k 21 + ) ' (2?ri) n 



Lemma. 
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1) 

Ii — - J u(x)dx 

S{k\)S{k 2 ) . . . S(k n )kexp(2ikx) 



E 



r[J (fci + k 2 + i0)(k 2 + k 3 + i0)... (Av,-i + fc n + iO) 

*(-*+*. +■■■+*.) 

'3 = -^/(3u° + «") 

S'(fc 1 )...S(fc„)(Ai 3 + /c 2 3 + ... + fc„ 3 ) 



+ fc 2 + ^0)(/c 2 + fc 3 + iO) . . . (/cn-i + A;„ + iO) 
dfci . . . dk n 



5(k 1 + ... + k n ) {2m)n 

I 5 = _L | (i 0m 3 + 10W + 5«) 2 + u lv ) 

S(k 1 )...S(k n )(k 1 5 + k 2 5 + ... + k n 5 ) 



E 



^ J (h + k 2 + i0)(k 2 + k 3 + iO)... (A; n _i + fc n + iO) 

+ -+<="> w 1 

2) Ze* t) = S(fc)e ifca,+lt , f = 0, 1, 2, . . . , and 

7 = _ 1 /■ S(k 1 ,t)S(k 2 ,t)...S(k n ,t) 

'* m 2^7 + A; 2 + i0)(fc 2 + h + iO) ■ ■ ■ + fc„ + iO) 

dfci . . . d/c n 



(27Ti) n - 



1 



(fci + + fc 2 Jm+i + . . . + fc n + )5(fci + . . . + k n ) 

Such junctionals Ii m are conserved: — ij m = 0. 

dt ' 

Theorem 2.1 (Solution of the KdV equation). 

Consider the Cauchy problem for the KdV equation 

— —u(x, t) = -—ru(x, t) + 6u— — , t > u(x, 0) = u(x) 
at ox 6 ox 
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(Solution in formal power series). 

u(x t)=4V [ S(k 1 ,t)S(k 2 ,t)...S(k n ,t)(k 1 + ... + k n ) 
U[X ' ' (h + k 2 + iO)(k 2 + k 3 + iO)...(k n _ 1 + k n + iO) 

exp(2z(fc 1 + . . . + k n )x) dkl ^ n kn 

where 

S(k,t) = S(k) exp{8ikH) 
1 00 r 

S ^ = ~ 2i(k + l0) ^ J U ^ U ^ ■ ■ - U ( X 2n+l) 
@21©23@43@45 • ■ • • • ©2n,2n-l©2n,2n+l 

8(— x + X\ — x 2 + x 3 — . . . + x 2n+ i) exp(—2ikx) dxdx\ . . . dx 2n+ i 
u(x) = u(x, 0) 

is the solution of Cauchy problem. 
(Solution in convergent series). 

1) Starting from u(x) define S(k), {in n }^ =1 , {c„}^ =1 as follows: 
b(k) 

S(k) = -77T, fcGR, where 
a(k) 

00 „ 

a(k) = 1 + X! ( _ ) n / u(x 2 )u(x A ) . . . u(x 2n ) exp(+2iA;x ) 

n=l J 

S(x - Xi + X 2 - . . . + X2„)0126 2 3 • • • ©2n-l,2n 

dxodxi . . . dx 2n , k e C + 

1 00 r 

b ^ = ovt-i / «(^iM^ 3 ) • • X^2n+i) exp(-2zfcr ) 

2?(A; + 20) ^ y 

5(-X + Xi - X 2 + £3 - . . . + X 2n +l)012@23 • • • ©2n,2n+l 

dx dxi . . . dx 2n+1 
S(k) = S(-k);\S(k)\ <l,k^Q 
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{iK n }n=ii K n £ R+ is the set of zeroes of the function a(k), k G C + 



Q k a(k) |fc=jK n 



, where 



e K " :c <l>(m n ,x) $(m n ,0) 



(the ratio doesn't depend on x) 



dk 



and V(k,x) defined in (3), (4). 

Define 

/dh 
S(k) exp(2ikx + 8ikH) — 
TV 

c n (t) = c n exp(8/t n 3 t) 

For the class of initial data u(x) such that the function S(x) is of fast 
decrease as x — > +00, the solution could be written as follows: 
Define the Fredholm determinant and the 1st minor to be 

D x , t = 1 + E -T / 0(-yi)©(-|/2) • • • Q(-y n ) ■ ■ ■ det[S(x - Vi - y v t)]d yi dy 2 
D x , t ( y )= &(-y)S(x - y - y , t) + f) -S(-y) [ 9(- yi )e(-y 2 ) . . . 9(-y„) 



S(x-y-y ,t) S{x-y-y u t) ... S(x-y-y n ,t) 
S(x- yi -y ,t) S(x- yi - yi ,t) ... S(x-y 1 -y n ,t) 

S(x-y n -y ,t) S(x-y n -yi,t) ... S(x - y n - y n ,t) 



dy x dy 2 . . . dy r , 



( 



d r 

x,t) = J S(x-y,t) 



u 



D x , t 



'v\\ 



S(y)- 



D 



x.t 



d 2 

dy -2—\ndetA(x,t) 



' )mn u mn 



2ic n {t)e~ {Kn+Km)x J e 2{ ^ 



D 



yo 



x,t 



D 



x,t 



Qi-y^dyody!. 
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This solution is denned for the class of initial data such that the Fredholm 
determinant and 1st minor are convergent. For convergence it is enough to 
have S(x) of fast decrease as x — > +00. It can be proved that the Fredholm 
determinant is not zero. 



3 Nonlocal transformations for the 
Nonlinear Schrodinger equation 
(defocusing case) 

Let q(x) be a C°° complex-valued function of a real variable x, with fast 
decrease as x — > ±00 (Schwarz class). 

From q{x) construct the following series: 



00 POO 

a(x) = 5(x) + / q(xi)q(x 2 )q(x 3 ) . . . q(x 2n )Q 21 Q 32 <d 4 3 • • • ©2n, 

S(x + xi - x 2 + x 3 - . . . + x 2n ) dx\dx 2 ■ ■ ■ dx 2n 



(1) 



00 roo 

K X ) = S / QMqMqM . . . g(x 2 „)g(a;2 n+ l)e21032@43 • • • • • ©2n+l,2n 
n=0 J -°° 



5(x - x 1 + x 2 - . . . + x 2n - x 2n+ i) dx x dx 2 . . . dx 2n+1 

(2) 



00 rOC 

y) = 5(x) + / q(xi)q(x 2 )q(x 3 ) ■ ■ ■ q(x 2n )Q(y - £1)612623 . . . 2 n+l,2n 

n=l J -°° 

■8{x - x 1 + x 2 - x 3 + . . . - x 2n _i + x 2n ) dx 1 ... dx 2n 

(3) 



^ poo 

$ 2 (x, y) = / 9(^1)9(^2)9(2:3) • • • q(x 2n )q(x 2n +i)<S)(y - xi)6i 2 e 23 . . . 2 „, 2 „+i 

n=0 J -°° 

•S(x - y + x\ - x 2 + . . . - x 2n + x 2 „+i) cbi . . . dx 2n+ i 

(4) 
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00 roo 

y) = - / 9(^l)9(aJ2)9(a:3) • • • 9(^2n)9(^2n+l)©(^l - 2/)@21@32 • • • ©2n+l,2n 

n=0 J -°° 

5(x + y - xi + x 2 - x 3 + . . . - x 2n+1 ) dx 1 ... dx 2n +i 

(5) 

$? 2 (x, y) = 5(x) + / 9(^l)9(^2)9(^3) • • • 9(^2n)©(a:i - ?/)@21@32 • • • ©2n,2r i -l 

n=l J ~°° 

S(x + xi - x 2 + x 3 - . . . + x 2 ri-i - x 2n ) dx\ . . . dx 2n 

(6) 

The integration domain, say for nth term in ^i(x,y), is the intersection 
of the region y < x\ < x 2 < . . . < x 2n+ i with the hyperplane x + y — x\ + 
x 2 - x 3 + . . . - x 2n+1 = 0. 

Lemma. The series (l)-(6) are convergent. 

Consider, for example, the series for y). Let Q = max |g(x)|. 
I J q{x 1 )q{x 2 )q(x 3 ) . . . q(x 2n )Q(y - £i)0i 2 6 2 3 ■ Q 2n -i,2n 
8(x — x 1 + x 2 — ■ ■ ■ + x 2n ) dx 1 ... dx 2n 

< Q • J \q( x l)\\q(x 2 ) \ . . . |9(^2n-l)|012@23 • • • @2n-l,2n dx 1 . . . dx 2n -l 
Q ( f°° \2n-l 

' ' |g(:c)|efo;) 



(2n- 1)! \J-00 71 J 

Define S(x) = I le 2,b -, where 
J a(k) tv 

b{k) = J b{x)e~ 2lkx dx, a{k) = J a{x)e- 2ikx dx (7) 

Lemma. 

l).For q(x) such that |1 — a(k)\ < 1 S(x) is given by the convergent series 

00 . 

S ( x ) = ^2(-) n / q(xi)q(x 2 )q(x 3 ) . . . q(x 2n )q(x 2n+1 ) 

@12@32©34@54 • • • • • @2ra-l,2n@2n+l,2n ^ 

•8{x - x 1 + x 2 - . . . + x 2n - x 2n+ i) dxidx 2 . . . dx 2n+l 
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2). Consider S(x) , given by the formal series (8). We can prove the following 
relation: 



J S(xi)a(x — x\)dx\ = b(x). 



Here a(x) and b(x) are functionals in q(x),q(x), given by the series (1) and 
(2). 

Indeed, let us collect all the terms of the same order in q, q in the convo- 
lution of the series (1) and (8) 



S(y)a(x - y)dy = j q(x 1 )6(y - Xi)8(x - y)dxidy + j q(x 1 )q(x 2 )q(x 3 ) 
(-©12©32<% -xi+x 2 - x 3 )8(x - y) + 
©32^(y - x l )5(x - y + x 2 - x 3 ) dx x dx 2 dx 3 dy 
+ ... + J q(x l )q{x 2 ) . . . q(x 2n+1 )(-) n 

(Ol2©32@34©54 • • • @2n-l,2n-2@2n-l,2n@2n+l,2n 

71—1 

+ ( — ) m ra @12@32034©54 • • • ©2m-l,2m©2m+l,2m 
m=0 

(@2m+2,2m+l + @2m+l,2m+2 ) @2ra+3,2m+2 

• ©2m+4,2m+3 ' • • • ' @2n+l,2n) S(x - X 1 + X 2 - X 3 + . . . - X 2n+1 ) dX\ . . . dx 2n 

oo „ 

= S / 9(»l)9(aJ2) • • • 9(^2n+l)©21©32@43 " • • • ' ©2n+l,2n 

?1=0 

5(x — xi + x 2 — x 3 + . . . — x 2n+ i) dxi . . . dx 2n 
= b{x) 

(We used 6^ + G jt = 1). 

The convolutions of functionals (l)-(8) are again the functionals of the 
same type. There are certain relations for the convolutions: 

J d(xi)a(x + xi)dxi = 8(x) + J b{x\)b{x + x±) dx\ (9) 
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b(xi)$ 2 (x - xi + y,y) - a(xi)$i(-x + zi, y)) dxi = -^ 2 (x, y) (10) 
b(x-y)<bi(x - xi + y,y) - a(x 1 )$ 2 (-x + zi, y)) dx x = -Vi(x, y) (11) 



Let us prove (10). We have to collect all the terms of the same degree in 
q, q in the left-hand side and to compare with the right-hand side. 

J ($ 2 (x -s + y, y)b(s) - + s, y)a(s)) ds 

= -8(x) + J q(x 1 )q(x 2 ) (©(y - x 1 )8(x - s + x 1 )S(s - x 2 ) - 9(y - £1)612 
S(x — s + x\ — x 2 )d(s) ■ —Q 2 iS(x — s)S(s + x\ — x 2 )) dx\dx 2 ds + . . . 

+ J q(xi)q(x 2 )q(x 3 ) . ..q(x 2n ) 

/n-l 

■ I ^ ®(V ~~ a; l)012023034 • • • • • ©2m,2m+l(02m+l,2m+2 + ©2m+2,2m+l) 
\m=0 

@2m+3,2m+202m+4,2m+3 ' • • • ' ©2n,2n-l — @21@32 • • • • • ©2n,2n-l 

— ®(V ~ X l)©12@23 • • • • • ©2m-l,2m(@2m,2m+l + @2m+l,2m) 
m=l 

@2m+2,2m+l ' @2m+3,2m+2 ' • • • ,2n-l 

- Q(y - Xi)6i 2 023 • • • • • ©2n,2n-l) 5(x + Xi - X 2 + . . . - X 2n ) dxi . . . dx 2n 

oo „ 

= -S(x) ~J2 9(^1)9(^2)^3) • • • q{x 2n )Q(xi - y)6 2 i© 32 • . . . • 6 2 „, 2 n-i 

n=l J 

8(x + x\ — x 2 + . . . — x 2n )dxi . . . dx 2n = -^ 2 (x, y) 
The proof of the other relations is similar. 
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In addition to convolution of two functionals, there is another operation 
for our functionals , namely inversion.lt is the infinite-dimensional analoque 
of the inverse function. Consider the series (8) 

oo 

S(x) = JZg(2i+i)(aO := 

i=0 

= q(x) - J q(xi)q(x 2 )q(x 3 )&i 2 Q 32 5(x - x x + x 2 - x 3 ) 

+ J q(xi)q(x 2 )q(x 3 )q(x 4 )q(x 5 )Q 12 Q 32 OuQ 5 4 
5(x - xi + x 2 - x 3 + x 4 - x 5 ) - . . . 

S(x) is a formal series , its nth term to is a nonlocal analytic functional 
of q(x) , q(x) of degree (2n + 1) in q, q. It can be inverted, namely, q(x) can 
be expressed in terms of S(x): 

q(x) = 5(1) (x) + 5(3) (x) + %) (x) + ... 

where S m (x) is a nonlocal analytic functional of S(x),S(x) of degree m 
in 5, 5. 

5(i) (x) = S(x) 

5(3) (x) = J S(x 1 )S(x 2 )S(x 3 )5(x - xi + x 2 - x 3 )<di 2 <d 32 dx\dx 2 dx 3 

5(5) (x) = - / 5(X1)5(X2)5(X 3 )5(X 4 )5(X5)012032034@54 

5(x — xi + x 2 — x 3 + x 4 — x 5 ) cixi . . . dx 5 
+ 1 (5 ( ( 3 3 ) ) (x 1 )5(x 2 )5(x 3 ) + 5(x 1 ) 
5 ( ( 3 ) ) (x 2 )5(x 3 ) + 5(x 1 )5(x 2 )5| ) ) (x 3 )) 
0i2©32^(x - xi + x 2 - x 3 ) dx\dx 2 dx 3 

= J 5(xi)5(x 2 )5(x 3 )5(x 4 )5(x 5 )5(x - x\ + x 2 - x 3 + x 4 - x 5 ) 
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( -e 12 e 32 e 3 4e 



51 



+ ©12©32 054©(£l - X 2 + X 3 - £ 4 ) 



©23©43 ©(^1 ~ X 2 + X 3 - X 4 )6(x 5 - X 4 + X 3 - X 2 ) 
+ ©12 ©34@54@(^5 - x i + X 3 - X 2 )) dXi . . . dx 5 



= J S(x 1 )S(x 1 )S(x 3 )S(x4)S(x 5 )5(x - xi + x 2 - x 3 + x 4 - x 5 ) 
•©i 2 0(xi - x 2 + x 3 - x 4 )6 54 6(x5 - x 4 + x 3 - x 2 ) 

(-0 32 ©34 + ©32 + @23@43 + ©34) dx 1 . . . dx 5 



S(x 1 )S(x2)S(x 3 )S(x4)S(x 5 )0 12 ®(x 1 - x 2 + x 3 - x 4 )6 54 



•9(x 5 — x 4 + x 3 — x 2 )S(x — x\ + . . . — £ 5 ) dxi . . . dx 5 

(indeed, -e 32 e 34 + e 32 + © 23 e 43 + 34 = -6 32 e 34 + e 32 (© 34 + 6 43 ) + 

©23©43 + ©34 = (©23 + ©32)043 + ©34 = ©43 + ©34 = 1- 

Lemma. Consider the nonlocal analytic junctionals of {S(x)}, given by 
formal series 



Q(x 1 - x 2 )Q(xi - x 2 + x 3 - X4) . . . 6(xi — x 2 + — x 2n ) 

®{%2n+l — x 2n)®{ x 2n+l ~~ x 2n + x 2n-l ~ x 2n-2) ■ ■ ■ ®{ x 2n+l — x 2n + • • • — 
S(x — X\ + X 2 — . . . + X 2n — X 2n+ i) dxi . . . dx 2n+ i 



q{x) = S(x) + ]T / (S(x 1 )S{x 2 )S{x 3 ) . . . S(x 2n )S(x 2n+1 ) 



n=l 




(12) 



a>i(x, y) = 5(x) + ]T / (S(x 1 )S(x 2 )S(x 3 ) . . . S(x 2n ) 



n=l 




•Q(y - Xi)G(y - xi + x 2 - x 3 ) . . . Q(y - x x + . . . - x 2n -i) 



(13) 



■0(xi - x 2 )Q(xi — X2 + X3 — X4) • . . . • 6(xi — x 2 + — x 2n ) 



8(x - x\ + x 2 - x 3 + . . . - x 2n+ i + x 2n ) dxi . . . dx 2n 
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* 2 (x,y) = £ / S(x 1 )S(x 2 )S(x 3 )...S(x 2n )S(x 2n+1 ) 

n=0 J 

•Q(y - xi) ■ Q(y - x x + x 2 - x 3 ) ■ . . . ■ Q(y - x\ + x 2 - x 3 + . . . - x 2n -i) 
•6(xi - x 2 )Q(x 1 — x 2 + x 3 — x 4 ) ■ . . . • Q(xi — x 2 + . . . — x 2n ) 
8(x - y + xi - x 2 + . . . - x 2n + x 2n+ i) dxi . . . dx 2n+ i 

(14) 

Let us substitute in these series S(x) as formal series in {q(x)}, (8). The 
result of such substitution would be formal series in {q(x)}, and , moreover, 

q(x) = q(x) 

$i(x,y) = $i(x,y) 

$ 2 (x,y) = $ 2 (x,y) 

as formal series in q(x) , with $i(x,y) and $ 2 (x,y) given by (3) , (4)- 
The series (9) could be used to get the solution of a nonlinear equation. 

/oo 
S(x)e~ 2tkx dx 
-oo 

/oo _ 
S{x)e 2lkx dx : 
-oo 



oo c 



S(h)S(k 2 )...S(k 2n+1 ) 

n=o J -< x > (^2 - h + i0)(k 3 - k 2 - iO)(k A - k 3 + i0) ... {k 2n+1 - k 2n - iO) 



7,7 \ \ dh . . . dk 2n+ i 

■ exp(22(A;i -k 2 + k 3 - ... + k 2n+1 )x) — ( 2 7r) 2w+1 — 

(15) 

1 r°° 

The kernels — 2i Q(x)exp(^f2ikx) appeared as the Fourier 

k =f iO J-oo 
transform of the Heaviside function kernels. 

The series (15) has the following property: a polynomial in q(x) , q(x) 

and their derivatives can also be written in the form (15) but with some 

polynomial in {k} in the numerator: 
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ax n=0 



/ 



S(k 1 )S(k 2 ) . . . g(fc2n+i)(fei - h + ■ ■ ■ - k 2n + A: 2ra+1 )" 
(fc 2 - h + i0)(k 3 - k 2 - iO)(k 4 - k 3 + iO) ... [k 2n+1 - k 2n - iO) 

dk\ . . . dk 2n +\ 



■ exp(2i(k 1 -k 2 + k 3 - ... + k 2n+l )x) ^ 2n +i 

oo 

q(x)q(x) =4^ 



/ 



n=l 

S(h)S(k 2 )S(k 3 ) . . . S(k 2n )(-h + k 2 - . . . + k 2n ) 

(k 2 - k ± + i0)(k 3 -k 2 - iO)(k 4 - k 3 + iO) . . . (k 2n ^ - k 2n _ 2 - i0)(k 2n - fc 2n _i + iO) 

dki . . . dk 2n 



■ exp(2i(fci - k 2 + . . . - k 2n )x) ^ 

00 

q(x)q(x)q(x) = 4 ^ 



/ 



n=l 

S(ki)S(k 2 )S(k 3 ) . . . 5(A; 2n )5'(A; 2n+ i^ 



(fc 2 - fci + ?0)(A;3 - fc 2 - iO) . . . (k 2n - k 2n -\ - tf$)(k 2n + x - k 2n + iO) 



-(h -k 2 + k 2n+ i) 2 - k 2p 2 + Y hp+i 2 

p=l p=0 

exp(2?(A;i - k 2 + . . . - k 2n + k 2n+1 )) ' 



(2k) 



2n+l 



q m+1 (x)q m (x) = 2 2m+1 

n=m 

S(k 1 )S(k 2 )S(k 3 )...S(k 2n )S(k 2n+1 ) 



(I 



(k 2 - ki - i0)(k 3 - k 2 + iO) ... (k 2n - /c 2n _i - i0)(k 2n+1 - k 2n + iO) 
Y {-h + k 2 - . . . + k 2pi ) 

l<Pl<P2<---<Pm<n 

(k 2pi +i — k 2pi )(—k 2pi+ i + k 2pi+2 — . . . + k 2p2 )(k 2p2+ i — k 2p2 ) ■ . . . 

■(—k 2pm+ i + k 2pm+2 — . . . + k 2pm )(k 2pm+ i — k 2pm ) — \ 2n+ i + 

97 

(16) 



The fact that both differentiation of q(x) and nonlinearity under the 
"nonlinear Fourier transformation" (15) has the same effect, namely, some 
polynomial in {A;} appears in the numerator, can be used to solve nonlinear 
equations. 

Theorem 3.1 (solution of the NLS Equation). 

Consider the Cauchy problem for the NLS equation: 

.9 9 2 2 I 1 defocusing case 

i— q (x,t) + — q(x,t) -2\\q\ 2 q = 0, X = { ' . 6 

dt dx 2 [ —1, focusing case 

q(x,0) = q(x) 

(17) 

(Solution in formal series). 

The solution of Cauchy problem is given by 



oo - 

f) = 2 £ A" / 

n=0 J 



S(h,t)S(k 2 ,t)...S(k 2n+1 ,t) 



(k 2 - h + i0)(k 3 - k 2 -iO) ... (k 4 - h + i0)(k 2n +i - h n - iO) 
exp(2i(A;i - k 2 + . . . - k 2n + k 2n+1 ) 

dk\ . . . dk 2n+ i 
(2tt) 2 «+ 1 

(18) 



S(k,t) = e- Aikt S(k) 

°° POO 

S ( k ) = J2(~) n ^ n / QMq(x 2 )q(x 3 ) . . . q(x 2n )q(x 2n+ i) 
n=o J -°° 

@12@32@34@54 • • • 02n-l,2n@2n+l,2n 

exp(— 2ikx)S(x — x\ + x 2 — . . . + x 2n — x 2n+ i) dxdx\dx 2 . . . dx 2n+ i 

(19) 

(Solution in convergent series, defocusing case A = 1). 



q(x,t) = J S(x-y,t) 



t D h\ \ 



,0, 



x,t \ 

V J 



dy 
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S(x,t) = I ^$-exp(2ikx - 4ikH) — , b(k) and a(k) are defined by (1) (2) 
J a(k) 7r 



\n+l 



D 



kVo, 



-Q(-y)K x>t (y,y ) + J2 

n=l 

e(-y) Je(- yi )e(-y 2 )...e(-y n ) 

K x>t (y,y ) K Xit (y,yi) ... K Xjt (y,y n ) 
K Xtt {yi,yo) K Xtt (y u yi) ... K xfi (y l ,y n ) 



K Xtt (y n ,y ) K Xtt (y n ,yi) 



K x ,t(y n ,yn) 



dy 1 ... dy v 



D 



x.t 



i + E 



(-)' 



71=1 



©(— 2/i)©(— 2/2) • ..Q{-y n ) \Kx,t(yi,Vj)\ij dyi ■■■dy v 



K x , t (yi, y 2 ) = J Q(-y)S(x -yi-y)S(x-y- y 2 , t) dy 

The solution is denned for the class of initial data q(x) such that the 
Fredholm determinant D Xjt and the first minor Ar,*^) are convergent. It 
can be proved that the determinant is not zero. 

Proof (formal series). 

d 2 

1) We compute —-^q(x,t) and \q\ 2 q in the same way as before, see (16) ; 

d d 2 
i-^q(x,t) + —q(x,t) - 2\q\ 2 q 



d_ 

dt 



2l( i --4k 1 2 )S(k,t)e 2 ^^ 
2 i_ 2 , 1 2 



d 



+ E 2A "(% - 4 (^i" - ^ + h A - . . . + k 2n+1 z )) 

n=l at 

S(k 1 ,t)S(k 2 ,t)...S(k 2n+1 ,t) 

(k 2 - ki + i0)(k 3 - k 2 -iO) ... (k 2n+1 - k 2n - iO) 

■ exp(2i(k 1 - k 2 + k 3 - . . . + k 2n+1 )x) ' l^ 2 ? +1 - 



(2tt) 



2n+l 



for S(fc,t) = e- 4ifc2 ',S(A;, 0) . 
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2) The substitution of S(k,0) = S(k) as series in {q(x)} (see (19)) into 
(18 ) gives q(x, 0) = q(x) (see Lemma) . 



4 Nonlinear transformations for Davey-Stewardson 
equation 

Let q(x, y) be a complex-valued C°° function on the plane M 2 , with fast 
decrease as \x\ 2 + |y| 2 — > oo. 

We construct the following nonlocal analytic functionals of {q}: 



a(k,k) = J2 



n=0 



1 



q(zu z 1 )q{z 2 , z 2 )q(z 3 , Z 3 ) . . . q(z 2n , ZgnMfgn+l, ^2n+l) 
(zi — z 2 ) (z 2 — z 3 )(z 3 — z 4 ) . . . (z 2k — Z 2k+ i) 

■ exp {k(zi -z 2 + z 3 -...+ z 2k+l ) - k(z 1 - z 2 + z 3 - . . . + z 2k+] 

cPzid 2 z 2 . . . d 2 z 2n +\ 
(2tt) 2 "+ 1 

(1) 

oo 

Hi{k,k;z,z) = 1 + 

n=l 

q(z 1 , Zi)q(z2, z 2 ) ... g(z 2 n-i, z 2n _ x )q(z 2n , z 2n ) 
(z - zi)(zi - z 2 )(z 2 - z 3 ) ... (z 2n -i - z 2n ) 
■ exp (k(zi -z 2 + z 3 -...+ z 2n+ i - z 2n ) - k(zi - z 2 + z 3 - ... + z 2n+1 - z 2n )) 

d 2 Zi . . . d 2 z 2n 

(2) 
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n=0 



I 



q(z!, z 1 )q(z 2 , z 2 ) ... q(z 2n +i, z 2n+1 ] 



(z — Zi)(zi — Z 2 )(z 2 — Z 3 ) . . . [z 2n -\ — z 2n )(z 2n — Z 2n +l) 
■ exp (k(z - zi + z 2 - . . . + z 2n - z 2n+ i) - k(z - z 1 + z 2 - . . . + z 2n - z 2r 

d?z\ . . . d 2 z 2n 

(3) 

where z = x\ + ix 2 , z = x\ — ix 2 , k — k± + ik 2 , k — k\ — ik 2 , d z := -dzdz. 

The series are convergent for some class of functions q. We will not inves- 
tigate convergence; we will work with these functionals as with formal series. 
Each term of these series is an integral, involving homogeneous generalized 

functions - as kernels ([1 ]). 

z 

There are the following relations for the functionals (1 )-(3 ): 
djjb 



^=-(k, k, z, z) = \q(z, z)[i 2 (k, k, z, z). 



d -v; 2 

djjj 1 

k, z, z) = kfi 2 (k, k, z, z) + -q(z, z)^i{k, k, z, z). 

% = ^~ kz m- 
% = e^m- 

ok 

The series (1 ) could be inverted, that is, q(z,z) could be written as a 
functional of {a(k, k)}: 

'q(z 1 ,z 1 )q(z 2 ,z 2 )q(z 3 ,z 3 ) 



a(k, k) = J q(z l , z x ) exp(/czi - kz i)-^ + / ( 



exp(M 2 -, - ~ Z2 + *) - k(zi - » + , 3 )) ) d 2^?pL + . . . 



z\ - z 2 )(z 2 - z 3 ) 

d 

(2tt)*~ 



q(z, z) = a(i)(z, z) + a (3) {z, z) + . . . 

f - d 2 k 

am(z,z) — —2 / a(ki, k\) exp(— k, z + kz) 

J 7T 
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<X(3)(Z,Z) = 7 



a(k u ki)a(k 2 , k 2 )a(k 3 , k 3 ) 



7T 7 J (Zi - Z 2 )(Z 2 - Z 3 ) 

exp (j^—kizi + k 2 z 2 - k 3 z 3 + k{z\ - z 2 + £3) - £2) 
z\ d 2 z 2 d 2 z 3 d 2 k\d 2 k 2 d 2 k 3 d 2 k 



4 / Q(fc ';! l) ?uf 2> ?r * 3> f (* - *■ + *> - *») 

7T d J (fc - fci)(fc 2 - ki) 

exp(— kz + kz)d 2 kid 2 k 2 d 2 k 3 d 2 k 4 



ki)a(k 2 , k 2 )a(k 3 , k 3 ) 
(k 2 - fci)(fc 3 - fc 2 ) 



c-c £ j_ S £ ^ / l , u u\\ d2k id 2 k 2 d 2 k 3 
exp{z{-ki + k 2 - k 3 ) - z{-ki + k 2 - k 3 j) - 



7T 3 



Lemma. Consider the following junctionals of {a(k, k)} : 

00 

fii(k,k,z,z) = 1 + 

n=l 

ajh, ki)a(k 2 , k 2 ) ... a(k 2n - 1 , k 2n _^)a{k 2n , k 2n ) 

(h - h)(k 3 - k 2 )(k 4 -k 3 ) ... (&2n-i, k 2n _ 2 )(k 2n - k 2n -i)(k - k 2n ) 
■ exp(z(-fci + k 2 - k 3 + . . . - k 2n -i + k 2n ) 

-z(-ki + k 2 - k 3 + k 2n _ x + k 2n )) d ' ' ' 



?r 2n 



(4) 
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j2 2 (k,k,z,z) = 

n=0 

f ajh, ki)a(k 2 , h) ■■■ a(k 2n -i, k 2n -i)a{k 2n , k 2n )a(k 2n+1 , hn+i) 

J (k 2 - fci)(fc 3 - k 2 )(k 4 ~ k 3 ) ... (k 2n -i ~ hn-2)(k 2n - A: 2 „_i)(A;2n+i - k 2n )(k - k 2n+1 ) 
exp(z(fci - k 2 + . . . + k 2n +i) - z(ki - k 2 + k 3 - . . . + k 2n -i)), 

d 2 ki . . . d 2 k 2n+ i 

(5) 



q(z, z) = -2 ]T 

n=0 

r g(fci, ki)a(k 2 , k 2 ) ... a(k 2n +i, hn+i) 

J (k 2 - fci)(fc 3 - A: 2 )(^4 - fcs) ■ • ■ (&2n+l - &2n) 

• exp(z(-fci + fc 2 - • • • + hn ~ hn+i) - z(-h + k 2 - . . . + k 2n - k 2n+1 )) 
d 2 h . . . d 2 k 2n+1 

7r 2n+l 

(6) 

We can substitute in (4)-(6) a(k,k) as a functional in q(z,z), given by 
(1). As a result of this substitution we will obtain functionals in {q(z,z)} 
,given by formal series. Moreover, 

j2i(k, k, z, z) = jii(k, k, z, z) 

jl 2 (k, k, z, z) = jl 2 (k, k, z, z) 

q(z,z) = q(z,z) 

Theorem 4.1 ( Solution of the Davey-Stewartson equation-II ) 
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Consider the DS equation 
d 



+^,^t)(a- 1 a + 9- i a)(|g(z,^t)i 2 ) 



(here 5 = |_ a = A, = - / dV. 

az ix J z — z L 



The solution is 



q(z,z,t) = -2j2 

n=0 



(fci - k 2 )(k 2 - h)(h ~h) ... (hn ~ hn+i) 
exp(z(-fci + fc 2 - • • • + hn - hn+i) - z(-ki + k 2 - . . . + k 2n - k 2n+1 )) 



d 2 ki . . . d 2 k n 

(7) 



7r 2n+l 



/ 



a(k,k) = 

n=0 

q{z u z 1 )q(z 2 , z 2 )q(z 3 , z 3 ) . . . q(z 2n , z 2n )q(z 2n+1 , z 2n+1 ) 

(zi - z 2 )(z 2 - z 3 )(z 3 - z 4 ) . . . (z 2k - Z 2k+ i) ^ 
■ exp(fc(-zi -z 2 + z 3 -... + z 2k+1 - k(zi + z 2 + z 3 - ... + z 2n+1 )) 

d 2 Z\d 2 z 2 . . . d 2 z 2n +i 

a(k,k,t) = a(k,k)e t{k2+ ~ k2)t . 

Proof. 
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1) Let us compute qd 1 d(\q\ 2 ) for q(z,z,t) given by (6 ): 

oo 

qd- l d(\q\ 2 ) = -8]T 

n=l 

r a(ki, ki,t)a(k 2 , h, t) . . . a(k 2n +i, hn+i, t) 
J (fci - k 2 )(k 2 - h)(k3 -k 4 ) ... (k 2n - k 2n +i) 

■ exp(z(-fci + & 2 - ■ • • + k 2n - hn+i) - z(-h + k 2 - . . . + k 2n - k 2n +i)) 



X (^2mi+i ~~ k 2mi+2 ) (k 2rrll+2m2+2 — k 2mi+2m2+3 ) 

m l > m 2 — 

k 2mi +2 — k 2mi+ 3 + . . . — k 2n+ i 
k 2mi +2 ~ k 2mi+ 3 + . . . — k 2n+ i 
d 2 ki . . . d 2 k n 

In the sum over rrii,m 2 let us sum over m 2 first, then the second multiplier 
and the denumerator cancels: 

2mi+i ~~ k 2mi+2 )(k 2mi+2rn2+2 — k 2mi+2m2+ 3) 

m l > m 2 — ^ 

+ 1 <^ 

k 2mi +2 — k 2mi+ 3 + . . . — k 2n+ i 
k 2mi +2 — k 2mi+ 3 + . . . — k 2n+ i 

n-l 

— E (^2mi+l ~~ ^2mi+2)(^2mi+2 — ^2mi+3^2mi+4 — ^2mi+5 + • • • + &2n — &2n+l) 
mi>0 

(^2mi+2 ~ k 2mi+ 3 + . . . — /C2n+l) 
k 2mi + 2 — k 2mi+ 3 + . . . — k 2n+ i 

n-l 

= X/ (^2mi+i — k 2mi+2 )(k 2mi+2 — k 2rrll+ 3 + . . . — A; 2n +i) 



mi=0 
1 



2 



-(fcl - fc 2 + fc 3 - • • • + fen+l) 2 - E ^ 2 P 2 + E ^2p+l Z 

p=l p=0 
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Let us substitute q(z, z, t) as a functional of {a(k, k, t)} in the equation 

f - d 2 ki 
/ (id t + fa 2 + k\)a(fa, ki, t) exp(— z 1: fa + Zifa) 

J 7T 

+ £ / [ id t + + - E( V + *£) 

n=l J \ p=0 p=l J 

a(k, k, t)a(fa, fa, t) . . . a(k 2n+1 , fan+i, t) 

(fa - fa)(fa - fa) (fa - fa) ... (fan - fan+l) 

exp(z(-fa + fa - . . . + k 2n - k 2n+1 ) - z(-fa + fa - . . . + fa n - k 2n+1 )) 
d 2 fa... d 2 k 2n+l _ 

i£a(k,k,t) = a(k, &) e l ( fc2 + p )' 

2) Substitution of a(k, k, 0) = a(k, k), where a(k, k) is given by (8 ), into 
(7 ) gives q(z,z,0) = q(z,z). 
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